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AN AXIOMATIZATION OF THE HIRSCH INDEX

Adrian Miroiu

0. Introduction

Following J. Hirsch (2005), a wide spectrum of indexes for analyzing scientific impact

has been proposed. One way to study these indexes was initiated by G. Woeginger (2008, 2009).

He investigated sets of necessary and sufficient conditions that uniquely characterize a scientific

impact index. To provide such a set of conditions is to axiomatize the index. Although indexes

may take into account various parameters to measure the scientific impact (Egghe: 2010), many

of them focus on exactly two parameters: the researcher’s productivity given by the number of

her published papers (an aspect of quantity) and the number of citations received by the

published papers (an aspect of quality, i.e. impact). Axioms used to characterize indexes would

then describe different ways in which changes in the scientific productivity and respectively in

the number of citations received by the papers of a researcher may affect the magnitude of the

index1.

For example, consider the case when a researcher publishes a new lowly cited paper. The

productivity axiom that the researcher should not then be “punished” (as long as she also

published some other highly citer papers) seems reasonable. Moving to the quality aspect,

suppose that the researcher’s papers receive more citations. Then it is natural to accept the

impact axiom that in this circumstance the index does not diminish. The axiomatizations of the

h-index presented, e.g. in Woeginger (2008), Quesada (2009) appeal to both mechanisms: they

make use of both variable productivity outputs and multi impact (i.e., citations) states2.

1 Sometimes the two mechanisms are combined. Woeginger’s (2008) axiom D requires changes both in the number
of a researcher’s publications and also in the citations her papers receive.
2 The two mechanisms are also jointly used when other scientific indexes are axiomatized; see e.g. Woeginger
(2009), Deineko, Woeginger (2009).



2

The argument of this paper is that although indexes like h are responsive to both

quantitative and qualitative changes in a researcher’s scientific outcome, it is still possible to

axiomatize them by appealing only to axioms that describe only one type of changes. In this

paper I prove that the h index can be axiomatized by appealing only to axioms that allow for

productivity changes (i.e., cases when a researcher publishes a new paper). The axiomatization

does not require taking into account multi impact states, i.e. distinct situations in which the

researcher’s papers received different numbers of citations.

The axioms used are weak. Although Monotonicity is quite desirable I tried to avoid it3.

It is proved that the axioms entail a weak monotonicity property (monotonicity with respect to

set inclusion).

1. The framework

Let X be a set of publications. The elements of X will be denoted by x, y, z, etc. Sets R 

X are intended to describe the scientific productivity of a researcher. A citation function c

attaches to each publication the number of citations it receives. So, c: X → ℕ, where ℕ is the set

of non-negative integers. Let C be the set of all citation functions4. A scientific impact index (or

index, for short) is a function f which for each R  X and each c gives a non-negative integer inℕ:

f: P(X)  C→ ℕ,

where P(X) is the collection of all the subsets of X. The empty set  is also accepted.

The framework clearly distinguishes between the two mechanisms the index is sensitive

to: additions to a publication list and changes in the citation record. The possibility to add a new

publication is here formalized by allowing for the union of two publication lists; changes in the

citation record is formalized by the use of different citation functions.

The Hirsch index h of a researcher is defined by: h(R, c) = max {k: |{x  R: c(x) ≥ k}| ≥

k}. The index h aims to quantify both the scientific productivity and the scientific impact of a

researcher: it depends both on the number of papers a researcher published and also on the

3 The axiomatizations presented in Quesada (2010; 2011) also dispense with strong monotonicity.
4 We can let a citation functions be undefined for some x  X. This situation may be interpreted to mean that the
paper x is not published. So it is possible to distinguish between a non-published, or fictitious paper, and a published
paper with no citation
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number of citations her papers received; h is k if k of her n papers received at least k citations

each, and the other n - k papers received at most k citations each.

In this framework we can formalize Woeginger’s (2008) axiomatization of the Hirsch

index. Consider the following five axioms:

Generalized Inception (GI). If c(x) = 0 for each x  R, then f(R, c) = 0.

Monotonicity (M). If R = {x1, … xn}, R' = {y1, … yn; yn+1, … ym} and c(xi) ≤ c(yi) for all

i = 1, … n, then f(R,c) ≤ f(R',c).

A1. For any R, c and for any x  R, if c(x) = f(R, c), then f(R  {x}, c) = f(R, c).

B. For any R, c and c', if for some x  R, c(x) < c'(x), then f(R, c') ≤ f(R, c) + 1.

D. For any R, c, c' and for any x  R, if c(x) = f(R, c) and c'(y) > c(y) for all y  R  {x},

then f(R  {x}, c') > f(R, c).

The first two axioms (GI and M) are embedded in Woeginger’s very definition of an

impact index. The monotonicity axiom M is very strong. As argued below, we can produce

axiomatizations the h-index by appealing to much weaker monotonicity conditions. The axioms

A1 and B state that the index is sensitive to minor variation in the number of publications of a

researcher, respectively in the number of citations her publications receive. Each concerns

exactly one type of parameters (quantitative and, respectively, qualitative) that may influence an

index. Axiom D takes into account both parameters affecting the index: if we add to a

researcher’s output a new publication, and then increase the number of citations of each of her

publications, then her index must be higher. We have:

Theorem 1 (Woeginger). h is the only index that satisfies GI, M, A1, B and D.

It is interesting to note that axiom D is in fact stronger than necessary. Woeginger

remarks that the weaker axiom:

D'. If c(xi) = |R| for all xi R, then f(R, c) = |R|

is sufficient to axiomatize the Hirsch index h. In what follows I shall also use a mild

strengthening of D'.

2. The result

In this section I show that it is possible to axiomatize the Hirsch index by appealing only

to axioms that keep fixed the impact, but allow for changes in productivity.  The following three
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axioms satisfy this property: each requires exactly one citation function. The axiomatization

avoids the strong monotonicity axiom M. However, a weak monotonicity property is entailed by

the axioms.

Inception (I). If R = , then f(R, c) = 0 for each c, where  is the empty list of

publications.

Conservative Productivity Increment (CPI). For any R, c and for any x  R, if c(x) ≤

f(R, c), then f(R  {x}, c) = f(R, c).

Productivity Responsiveness (PR). For any R, c and any x  R, if c(y) > f(R, c) for all y

 R  {x}, then f(R  {x}, c) = f(R, c) + 1.

Axiom I states that a researcher without output has no scientific impact. By CPI, the

scientific impact of a researcher does not change if she publishes a new paper with few citations,

i.e. less than her current index. Axiom PR expresses the fact that the index is responsive to the

addition of papers with a large number of citations: suppose that all the researcher’s papers

received many citations; then the index incrementally goes up if she publishes another highly

cited paper5. Axiom PR is not very persuasive; but, as shown below, it can be replaced by two

more intuitive axioms.

First we prove some auxiliary results.

Proposition 1. If f satisfies I and PR, then:

D*. If c(xi) ≥ |R| for all xi  R, then f(R, c) = |R|.

The proof is by induction on the cardinality of R. If |R| = 0, then by I we have f(R, c) = 0;

for |R| = 1, by applying PR to f(, c) = 0 we get that if c(x) ≥ 1 then f({x}, c) = 1. Now suppose

that |R| = n. By induction, we have f(R, c) = n if c(xi) ≥ n for all xi  R (i = 1, … n). We set c(xi) ≥

n + 1 for all xi  R (i = 1, … n). By PR, if c(xn+1) ≥ n + 1 and xn + 1  R, then f(R {xn + 1}, c) = n

+1 = |R {xn + 1}|.6

Property D*expresses the idea that even if a researcher’s papers get a very large number

of citations, her index has an upper limit: it cannot exceed the number of her published papers7.

One may reasonably argue that this condition is counterintuitive, and that some authors,

5 PR does not guarantee that the index goes up whenever a researcher publishes a new paper: it only shows that this
happens when all the papers are highly cited. So it is possible for an index to satisfy PR, but violate Monotonicity.
6 Note that if in D* we take c(xi) = |R| for all xi  R we obtain Woeginger’s (2008) axiom D'.
7 Axiom A1 in Quesada (2010) includes a similar restriction. A1 sets an upper bound to the index in the case in
which all the papers are highly cited: the index cannot be greater than the number of papers.



5

including Nash and Gödel, who published a small number of papers, had a tremendous scientific

impact. However, D* seems reasonable if we do not take into account such extraordinary

researchers.

D* is also a consequence of Woeginger’s axioms GI, B and D (axiom B playing an important

role in the limitation expressed by D*):

Proposition 2. Axioms GI, B and D entail D*.

The proof is by induction on the number of members of R. If |R| = 0,  i.e. R = , then GI

gives f(R, c) = 0. Now suppose that R = {x1, …xn} and c(y) ≥ n for each yR. Then |R| = n and

f(R, c) = n by induction. Let xn+1 be a publication not included in R such that c(xn+1) ≥ n and c' a

citation function with the property that c'(y) = c(y) + 1 for all y  R {xn+1}. By D we get that

f(R  {xn+1}, c') > f(R, c) = n. On the other hand, consider a sequence c0, c1, …cn, cn+1 of citation

functions with the property that c0(y) = 0 for all y  R {xn+1} and ci is exactly like ci-1 except

that ci(xi) = c'(xi). Clearly, we have cn+1 = c'. By GI, f(R  {xn+1}, c0) = 0; by repeatedly applying

axiom B we get that f(R  {xn+1}, cn+1) = f(R  {xn+1}, c') ≤ n +1. Therefore, f(R  {xn+1}, c') = n

+1 as required by D*.

Note that if in the proof we take c(y) = n for all y  R  {xn+1} then we establish D'.

Proposition 3. If f satisfies I, CPI and PR, then it satisfies the property of Monotonicity

with Respect to Set Inclusion8 (MSI):

MSI. If R  R', then f(R,c) ≤ f(R',c).

Proof. First we prove that by adding another paper to the output of a researcher the index

should not go down:

If x  R, then f(R, c) ≤ f(R  {x}, c).

The proof of this property is by induction on the number n of members of the set R. If n =

0, then by I we have f(, c) = 0 and so: a) if c(x) = 0, then by CPI we get that f({x}, c) =  0 ≥

f(, c)  = 0; b) if c(x) > 0, then by PR f({x}, c) = 1 and so the inequality is again proved. Now

suppose that R has n members (n > 0). By CPI, if c(x) ≤ f(R, c), then f(R {x}, c) = f(R, c) and

thus the property holds. So let c(x) > f(R, c). Let R* be the set of all xi  R (i ≤ n) with the

property that c(xi) > f(R, c). If R* = R, then by PR we have that f(R {x}, c) = f(R, c) + 1 and so

8 See Barbera, Bossert, Pattanaik (2004).
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f(R, c) ≤ f(R  {x}, c). If R*  R, then by D* we get f(R*, c) = |R*|. Again by D* we know that

f(R, c) ≤ |R|. First, suppose that f(R*, c) > f(R, c). But in this case, since for all z  R – R* we

assumed that f(R, c) ≥ c(z) it follows that f(R*, c) ≥ c(z) and so by applying iteratively CPI to all

the members in R – R* we get f(R, c) = f(R*, c) – contradiction. So f(R*, c) ≤ f(R, c). We know

that c(z) ≤ f(R, c) for all z  R – R*. We have two cases.

Case 1. c(z) = f(R, c) for all z  R – R*. We select the first f(R, c) - f(R*, c) of these

publications. Let R*1 be their collection. By D* we get that f(R* R*1, c) = |R* R*1|. Then CPI

applied iteratively gives f(R, c) = f(R*  R*1, c) = |R*  R*1|. But by PR we get f(R* 

R*1{x},c) = |R*  R*1| + 1; by applying CPI to all the members of the set (R – R*) – R*1 we

obtain f(R  {x},c) = |R*  R*1| + 1 > f(R, c).

Case 2. c(z) < f(R, c) for some z  R – R*. Let z* be a paper such that c(z*) ≤ c(z') for all

z'  R – R*. Clearly, by our suppositions c(z*) ≤ c(z) for all z  R. By induction we have: f(R -

{z*},c) ≤ f((R - {z*}  {x}),c). Also by induction we have f(R - {z*},c) ≤ f(R,c). Now there are

two possibilities:

a) f(R - {z*}, c) = f(R, c). Then f(R, c) ≤ f((R - {z*}  {x}), c). Since c(z*) < f(R, c)

= f(R - {z*}, c) we get by CPI that f((R - {z*}  {x}), c) = f((R - {z*}  {x} 

{z*}), c) = f((R {x}), c) and so f(R, c) ≤ ((R {x}), c).

b) f(R - {z*}, c) < f(R, c). If c(z*) ≤ f(R - {z*}, c) then by CPI we obtain f(R -

{z*}, c) = f((R - {z*})  {z*}, c) = f(R, c). But this contradicts the supposition

that f(R - {z*}, c) <f(R, c). So we must have f(R - {z*}, c) < c(z*) < f(R, c). But

c(z*) ≤ c(z) for all z  R. Then we can apply PR to R - {z*} and obtain f(R, c) =

f((R - {z*})  {z*}, c) = f(R - {z*}, c) + 1 ≤ c(z*). Given that c(z*) < f(R, c), we

obtain f(R, c) < f(R, c) – contradiction.

Finally, since outputs R and R' are finite, Proposition 2 results by iterating the same argument for

all the papers in R' - R.

The next proposition shows that the three axioms I, CPI and PR entail the output

equivalence property (OE). Suppose that two researchers X and Y published the same number of

papers: R = {x1, … xn}and R' = {y1, … yn}. Suppose also that they received the same number of

citations publication by publication, i.e. c(xi) = c(yi) for all i. Then OE states that the two

researchers’ scientific impact must be the same.
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Proposition 4. If f satisfies I, CPI and PR, then:

Output Equivalence (OE). If R = {x1, … xn} and R' = {y1, … yn}and c(xi) = c(yi) for all

i (i = 1, … n), then f(R,c) = f(R',c).

The proof is by induction on the number of the publications in the output R. If n = 1, then

the three axioms immediately yield f({x1},c) = f({y1},c) if c(x1) = c(y1). Now suppose that c(xi) =

c(yi) for all i (i = 1, … n), and c(xn +1) = c(yn + 1). We want to show that f(R  {xn+1}, c) = f(R' 

{yn +1}, c). By induction, we have f(R,c) = f(R',c). Let c(xn + 1) = c(yn + 1) ≤ f(R,c) = f(R',c). Then

CPI entails that f(R,c) = f(R  {xn+1}, c) and f(R',c) = f(R' {yn +1}, c), so the proposition is

proved.

Now let c(xn + 1) = c(yn + 1) >f(R,c) = f(R',c). Let R* be the set of all xi (i ≤ n) with the

property that c(xi) > f(R, c); analogously, let R'* be the set of all yi (i ≤ n) with the property that

c(yi) > f(R', c). First suppose that R* = R (and also R'* = R'). Then by PR we have f(R  {xn+1},

c) = f(R, c) +1 and f(R'  {yn +1}, c) = f(R',c) +1, whence f(R  {xn+1}, c) = f(R'  {yn +1}, c).

Secondly, suppose that R*  R (and also R'*  R'). Then we can follow the same argument as in

the proof of Proposition 2.

a) In case 1 we get: f(R  {xn+1},c) =  + 1 and f(R'  {yn+1},c) = |R'*  R'*1| + 1. But by

induction |R*| = |R'*| and also |R*1| = |R'*1|, from which it follows that f(R  {xn+1},c)

= f(R'  {yn+1},c).

b) In case 2 (sub-case (a)) we have f((R - {z*}  {xn+1}), c) = f((R  {xn+1}), c), and

analogously f((R' - {z'*}  {yn+1}), c) = f((R'  {yn+1}), c). But the sets R - {z*} 

{xn+1} and R' - {z'*}  {yn+1} have n members, and so by induction f((R - {z*} 

{xn+1}), c) = f((R' - {z'*}  {yn+1}), c). Therefore again it follows that f(R  {xn+1},c)

= f(R'  {yn+1},c).

The properties expressed by propositions 3 and 4 are immediately entailed by the strong

monotonicity axiom M. First, take xi = yi for all i = 1, …n. Then by M we conclude that if R 

R', then f(R,c) ≤ f(R',c), i.e. MSI. Secondly, let n = m in M, i.e. R = {x1, …xn} and R' = {y1, …

yn}. Suppose also that c(xi) = c(yi) for all i = 1, … n. Then f(R,c) = f(R',c). So M entails OE as a

very special case.

The main result of this section is expressed by the following theorem:

Theorem 2. h is the only index that satisfies I, CPI and PR.
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Proof. One direction of the proof is straightforward: h clearly satisfies the three axioms.

For the converse direction, suppose that some index f satisfies I, CPI, and PR. We show that for

each c and R we have f(R, c) = h(R, c). First, observe that if f satisfies I and CPI, then f(R, c) = 0

whenever c(xi) = 0 for all xi R. A researcher whose publications received no citations has no

impact. The proof is immediate: since by I f(, c) = 0, applying CPI we get f({x1}, c) = 0. By

iterating the same argument for all xi we get that f(R, c) = 0.

Now let R = {x1, …xn}. Suppose that k members xi (i = 1, …k) of R are such that c(xi) ≥ k

for all xi, and m members xj of R are such that c(xi) ≤ k (m ≥ 0 and m + k = n). (By I the case

when R is empty is also covered.) If c(xi) = 0 for all xi  R, then as shown above f(R, c) = 0 = h(R,

c). Suppose that for some xi we have that c(xi) ≠ 0. By definition, h(R, c) = k. We need to show

that f(R, c) = k. Let R'1= {y1, …yk} be a set such that c(xi) = c(yi) for all i (i = 1, … k). By D*,

f(R'1, c) = k. Secondly, let R'2 = {yk+1, …yn} be a set such that c(xj) = c(yj) for all j (j = k +1, … n).

Since c(yj) ≤ f(R'1, c) for all j (j = k +1, … n), by iteratively applying CPI to each of yk+1, … yn it

follows that f(R'1  R'2, c) = f(R'1, c) = k. Since as we showed f satisfies OE and R = {x1, …xn}

and R'1  R'2 = {y1, … yn}and c(xi) = c(yi) for all i (i = 1, … n),we have that f(R'1  R'2, c) = k =

f(R, c), which proves the theorem.

Taking a closer look at the proof of Theorem 2, we can easily obtain the following

corollary. It shows that we can dispense with axiom PR and use instead the weaker and more

intuitive axioms D* and OE.

Corollary 1. h is the only index that satisfies axioms I, CPI, OE and D*.

3. Conclusion

Scientific impact indexes like h can be measured by taking into account exactly two

parameters: the number of published papers and the number of citations received. In this paper I

argued that the two parameters can be treated separately: it is possible to axiomatize the index by

appealing only to axioms that describe either the changes in the researcher’s productivity. The

question remains, if it is possible to prove a counterpart of theorem 2, i.e if we can also show that

h can be axiomatized only in terms of axioms that allow for changes in the impact of a

researcher’s published papers, but make no reference to changes of her productivity.
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The axiomatization presented appealed to weak properties. Strong Monotonicity is

avoided. Moreover, axioms like PR, which do not have a clear intuitive support, can be

dispensed with: we can use even weaker axioms, like OE and D*, to axiomatize the index.
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