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MODAL AXIOMATIZATIONS OF THEORIES,
RAMSEYFICATION AND THEORETICITY

ADRIAN MIROIU

The aim of this paper is to develop an argument against the seman-
tical definitions of the theoretical. 1t is specifically directed against Bal-
zer’s view, as expressed in (1); but I believe that it covers all attempts
to theoreticity which essentially involve the standard notion of a model
of a theory. 1t is argued that medal (or : modal and possibilistic) axioma~
tizations of theories could be considered with a view to dissolving this
sort of argument. The most important resull: is that a stmple logical
criterion of the “theoretical in a given theory” works with modally (and pos-
sibilistically) axiomatized theories.

I. Balzer’s appreach. Roughly speaking, his view is this : let 3 he
a theory. Semantically, I3 ix given as a class of models. A medel of a theory
ix thought of as a typified structure in which there occur sets of objects
and relations (in particular, functions) over those sets. A function f of B
is B-definable iff the interpretation of f is uniquelly determined for all
models of B, Now, fis called theoretical in a theory T if it canbe defined
in o subtheory B of 7. Balzer notices that in some cases B-definability
can be appropriately given by use of, e.g., equivalence “up to transfor-
mations of seale’ or “up to liniar transformations”. Second, he elaims
that, to be precise, the above definition of the theoretical needs a econdition
that 1’ *s invariances he respected. Let z and y be in B and let them differ
at most in their f-components (write z, = ¥, in this case); then f, = f,
(or: f, = a f,) with, c.g., f, the interpretation of fat x.

It should then be noted that the only invariants Balzer scems to
take into account concern relationships which : 1) hold among different
models of T'; and 2) concern the values of the functions of T.

Commenting on the second of these requirements, Balzer notes
(1, p. 135 n), that his definition of the theoretical has an easy and adequate
interpretation in terms of “theory-guided” measurement (of the values
of function f for some admissible argument). Balzer suggests that under
such an interpretation his criterion can be nicely compared with Sneed’s
“informal” one (6, p. 31). (Accordiug to Sneed, these invariants express
“consiraints” on (the values of) f, i.e. cross-connexions among models
of T'1).

1 1t is this sense in which a function’s being or not theoretical at a given theory is
not an ‘“empirical” matter (if “‘emplirical’” regards only what is or is not going on in (or
at) a model). : - . S
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Thus, if some relation.d holdsat any model » in (an appropriately
defined class) B of models of T, say that 4 is a ZT-invariant only if it
concerns the values of a function f of T, e.g. 4 has the form f (d,, ... ds;
8y, ...a,) =k (ke [R). Consequently, not any cross-connexion among
models of 7 which concerns some 7-function f signals the T-theoretical
nature of f; one needs only cross-connexions regarding the values of f.
Therefore, the only interesting thing about f with respect to theoreticity
comes to determining, at any model and for any admissible arguments,
if relation f does or does not hold.

The formalization given by Balzer to classieal particle mechanics
(CPM ) provides a suggestive illustration of this point. Function &,
Balzer argues, is CPM-nontheoretical, for, in general, s, # «3,. However,
it is still possible to show that function & gives Dbirth to certain cross-
relations among CPM-models. Let I be a subtheory of CPJM such that
x and y are in B and x_,=y_, i.e.,, 2 and y differ at most in their
s-component. Then s, and ¢, are necessarily linked by

1.1 &dp, ) =sp, )+ vt F+ b

for some constants » and b. Balzer believes that the invariant expressed

by (1.1) is not significant to the theoretical/nontheoretical character of
function s at CLM. Now, by differentiating (1.1), one gets :

120 5 p, 1) = Ey(py 1)

Assume for a moment that in reconstructing ¢ P one would take
¥ as a primitive notion, while s would be a derivative one. Then,according
to Balzer's eriterion, (1.2) leads (o § ’s being ¢ P.)-theoretical,

The trouble with this view iy that § could not be primitive, for one
would not then he able to give conditions to fix, for any pair (x, ) of
CPM-models, the constants rand 52 But it is of course possible to {reat
# as an effective function of ¢PA, Then, by (1.2), § needs to be (PM-
theoretical, while s be CPM-nontheoretical, But, by o purely mathematical
device, i.e. by differentiating, one gets a theoretieal Tunction from & non-
theoretical one. T think this conclusion does not fit very much ounr intui-
tiong ; together witli the fact that Balzer gives no reason for his choice of
the distinctive features of the theoreticity-involving-invariants, this shows
that something must be wrong with our wavs of thinking of what is for
a T-function to be given. My criticism will be focused on the assumption
that having the values of a function of a theory at any model of it and for
any admissible arguments is a sufficient condition for having that function.

These comments are intended to suggest that Balzer's criterionof
the theoretical is, somehow, much toonarrow. In this sense, the modal
criterion I proposed in (3} seeins to be more general, for it relies on the
existence of any cross-relation (‘“‘constraint”) on the theory’s functions;
according to the view about theoreticity expressed inthat paperafunction

* However, the history of classical mechanics shows the long-ranging effort to etecti-
vely determine, for each z, the values of v and b with respect to an absolute reference
system z, (sx, (p, {) denoting the absolute posilion of particle p at f). It is worth-noting
that Newton, who did admit of the existence of z,, treated spatial rolations of the position
function s as relevant to the proof of the existence of an absolute reference system. There-

fore, it would be interesting, perhaps, to study the consequences of including space rotations
§n Balzer's reconstruction of CPM.
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fis T-theoretical iff its nuse at T essentially involves cross-relations among

models of 7. , :

It follows then that a function’s property of being or not theoretical
in & theory is relative to the kinds of cross-connexions oneisready to take
into account in formulating his definition of the theoretical 3.

The argument to be developed below is not committed, however,
to any view about the nature of these cross-connexions; it seems to me
that it makes its point both when my view or Balzer’s one are concerned 4.

I1. On the nature and strength of the argument. The argument against
the semantical definitions of the theoretical T wish to present below applies
to all those attempts which :

2.1. Assume that a function f of a theory 7 is given iff its values at
any model of T and for any admissible arguments are given. As I tried
to argue in section I, this assumption is essentially involved in Balzer’s
approach to theoreticity. Let 4' be CPAM ; then, the argument asks e.g.,
that to completely determine funetion m is to determine at any model &
of CPM the mass of cach particle appearing at x.

2.2, Assume that the models of T are set-theoretical entities. This

condition requires that each model of 7' be describablein set-theoretical
terms.® My argument consists in showing that the class of 7"z models
can be redeseribed in & non-standard way.

It should be noted that the argument does not assume the possibitity
that 7 be a first-order theory, but thatits inodels be set-theoretical cons-
truets. The argument is closely velated to Putnams’s  interpretation of
the Lowenhcim-Skolem theorem (3) : Putnam has persuasively argued that
there are no systematic means to divorce intended from non-intended
models of a theory, The present approach is committed to the claim that
one cannot seleet intended interpretations of a theory’s function, though
all its properties (including its being or not theoretical at {hat theory)

2 1 think that the most important difference between Balzer's criterion of the theore-
tical and Saced’s one is this: constructing a function as T-theorelical is, according to Balzer,
a by-product of lhe construction of class Mp of T's models. On the contrary, Snecd takes
the theoretical character of a function as a precondition of the construction of M. Thus,
‘while wilh Snced the notion of consiraint needs to he primitive, wilh Balzer it does not.
1t is for this reason why his criterion of the theoretical concerns nothing but the values of
T's funclions at any T-mode), the comparison of these values being a derivative matler.

Note, however, that one could view my use of the alternativeness relation R (defin~
ed in section V below) as a means to show that the two strategies towards constraints
are cquivalent. For one can start cither with constraints (identified with alternativeness rela-
tions like R) and define then what is or is not necessary at a certain model — as modal logi-
cians use to-do; or he can proceed as Balzer did and define then relations R (This sort
.of approach to constraints was developed in {3]).

¢ My definition does not lead, however, to inflationistic inventories of theoretical func-
tions, e.g., to s's being CPM-theorctical. I avoid this unhappy result by denying that (1.2)
really expresses a constraint at C P and by arguing thatitis a constraint on s only at PK
-(particle kinematics) of which CPAl is a theorelization. I take then (1.2) to cxpress a cross-con-
nexion among models of PK.

5 The essential claim is that the descriptions-of the models of 7' and the cross-relations
among them be translatable into a set-theoretical framework. That is why I think that the
.argument also holds against Sneed’s restatement of his ideas by use of the theory of categories.
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are preserved..But it diverges from Putnam:.in that it does not conccrn.

theories (which have models), but the class of the models of theories 8.

Balzer defines a model  of. a theory T as a typified structure =
=(Dys «.oDys; Ay gy ... drsifre - for) where sets D, . (of “objects”).
arc catled “bace sets”, sets A, .are calicd “‘auxiliary bise rets” and f ..
are relations over 4, ;s and D, ’s, which, of comse, could be functions.
At CPM,eg., k=1 and D, is the set P of particles; I = 3. the auxiliary
base sets being an open interval T € R, R* or R?® (together with rela-
ticns and operations on them), » = m 4+ 2, CPM-functicns being the
position function s, the mass function m and forces f; (compound forces)-
(t=1, ....m)

Let T be a theory and let M, be the class of its models. Define,
for cach model &, o set ‘G, =1{9:9=1(g,, ..., ¢) and ¢,: D, , = D,
(r=1,...,k)is a bijective function}. 1f «w e M, and ge@,, define a.
structure ¥ =2% by : y = (Dyyyooo Diys Ay oo duys frm oo o)
with D,y =D,, (r=1,... k), A, =, (r=1...1) and for
each (i =1, ... n), .\‘..\A&: R TI  I .b.ut\??v, s gldi) agy.
...y}, where @y, ... @, are in A, s and g(dy) = gdd,), for d,eD,,
(w==1,...8)

Lemma 1. Bach model r in M, is a structare ¢°, for some ¢ € G,.
The proofl is simple, once we observe that ¢, is a group, with the compo-
sition operation “o” defined by t g« g" = (g, 0 41, . .. g« » ;). Then there
is one and only one gy in G, so that go (d) == d for cach d in D, (r =
=1, ... k). Let @ be in ), ; then yois exactly 2 and therefore structure
z has the form 2¢ for some g in (7.

Lemma 2. If 2z e M, and ged,, then 27 € M,. The proof is left.
to the reader.

From lemma 2 it follows that if 4f isa model, then (22)” is a model
too. Indeed, by virtue of the definition of structures x and (27), it is.
possible Lo show that (29)7 is a2 but, ¢, being a group, g« ¢ = ¢ €,
and thus z% is a maodel x5,

Define set ¢ by : ¢ = {G; : x € Mz}, Let b be a function G - u ¢
so that h{G,) e G, for cach ¢, in G; let &y be the h-function of which it
holds that h, ((F,) = g, € (I, for each G, e@. (It is important to note
that to make use of k-functions we assume of the axiom of choice). For any
fixed functionh of this sort, let II, be a function from M, to M, so thab
Hy(z) = aMGd,

Theorem 1. IT, is bijective.

Proof: 1) If = # z', then H,(z) % H,(z'). The consequent of this:
implication makes sense only if G, = G, Then there is a model y so-
that zis 3 and =’ is y¢', Now, from H,(z) = H,(a’) results that ysMcs =
= yeM6a and therefore goh (@) = ¢’ -k (G,), which holds only if
g = ¢'. But in this case y* = ¢, i.e. z = z’, which contradicts withpre-
miss ¢ # ',

¢ The argument shows that something must be wrong with the way we usually think.
of theories. It seems to me that the standard notion of a model-of-a-theory must be res-
ponsible for the counterintuitive import of the argument. It looks to me that a more general
notion of model, grounded on appropriate semantical assumptions, is needed. But it is not.
the aim of the present paper to try to develop in some detail this idea.

&

MODAL AXIOMATIZATIONS OF THEORIES 267

2) H, is on. Let # € M, ; because G, is a group, there is some ¢
in G, sothat g o b (G,) = g,. But 2# is a model and consequently H,(z*) =
= %mo!hi = pfe = IT.

II1. Statement of the argument. My argument against Balzer's
semantical definition of the theoretical is concerned with the way in which
a function f; of & theory T is thought of. m_o&oﬁbm Sneed, call f; the
i-th abstract function of 7 and say that f . is the concrete funetion
subsumed under f; and which appears at . (in the logicians’ jargon,
Jor is the interpretation of f; at .r; note c:; Balzer himself :5..@@ an ex-
w.:o.; use of this spelling on page 133 of this paper ﬁ:.. By 55. first of _.,Bo
two assumptions set forth in monzcs. 1T ahove, _goﬁ.ﬁﬂ. fi is knowing
all functions fi ,, i.e. the values of fi. f..mc_. m..z :aBEEE.: arguments.

Then it is possible to identify (the intension of) b. with a function
I defined on M, and having as values concrete functions : Fyz) = fi»
(fi.« being the extension of fi at x). o o

" Now, assumption (2.1) is split into two parts. First, a function fiz
is held Lo be determined at model » iff the value of fi(dy, ... d.say, ...
.. .u,) is determined for any E..Bw:.s_; (dyy ... d, w\::. e a,); and seeond,
u function f; is held to be zoﬁis_snz. at theory 7T iff Es -alue o». Fz)
is determined for each x in M. Obviously, the theses involved in (2.1)
share their logical form; however, the argument to be ._.z.u,_cto: below
concentrates mainly on the former one, while the latter will not _,:.w ex-
plored in much detail (though it i3 itself subject to the reiteration of the
argument ; see also for this issue note 14). . . u

" However, these two theses do not succeed in supporting Balzer’s
view on theoreticity : he takes (2.1) to involve a third one, namely that
functions f; . do uniquely determine function F; 5 or, to put it in other words,
functions \: (i.e., the extensions of f)) are w.,..:::..i to single out one na-
tural (or: intended) way to construct function /%, i.c. the intension of
Ji ot class My 7 ‘ i )

Now, it ix possible to lay down the structure of :;.q E.n:..ja:e. It is
argued that : 1) assumption (2.1) does not support Balzer's additional the-
sis; 2) assumption (2.1) brings about nonintuitive consequences, when
used to Balzer's purposes; and 3) Balzer’s view can bhe reconstructed on
strong modal and possibilistic de re hypotheses.

Tet us first observe that the definition of F¢ could bo restated as :
F{x) = fiu, = The core of the first step of the argument is this: by
mc.cmﬂe:s:m. hy by I in the above expression, .:.: the formal properties
of F,, including its T-thcoretical/ S-:.csgcoaoﬁop_ character, are preser-
ved ; we have no means to choose a single ?u&ﬁmvc way to omumﬁﬁoa the
i-th function of theory 7T. Indeed, let we start with the following (and, as
proved below, equally reasonable) definition of F: Fi(z) = fomym- BY

this definition, the extension of fi at @ is not fix but fig ) i fiy
(with h (G;) = g and y = a’). Suppose f; is, e.g., 2 function with values
in [R. Balzer's intention with his criterion of the theoretical was this : the

7 Jt is, perhaps, worth-noting that in this sense Fy is definable with respect to the
class {f¢,: x € My}. However, 1 shall not be concerned in this paper with the use of Bal-
zer's criterion in metatheory.








